
Lecture 12 ( finali ✗ What not ?
"

1. More general denial categoria and dg -enhancements

↳ What is an abeliane category 1A ? E ssentially, it is a linea (Z
-lineari

,
in sane case K- linea)

Category which behave like Mod(R) CR a ring a Matt6) (o a sheet of mngs) ,or suitable
subcategoria theneof such as QQ (6) ( Quasi-cohuent shears of 6-modulo) .

Definition : Let A be a linear category . It is ABEYAN if :
• it has zero iibjects and finite direct sans.
• it has Kennel and okeinels .

What are they ?

↳ Let f : 1-→B in A. The Kennel off is an object Keith c-A togethu with
a morphism k : Keith →A, such that

◦ →Af,Keith¥ Al-A) ¥Al-B)
is exact . Equivalentey , Kult →A Satisfied the following universale proposto :

i:| Kaled -4A FB is znej
1!/For any K%ABB which is zoo

,
7! factor ization : K % A↳B

à ; le
butti

Andy, the denial off is an object aKaled c-A togethu with a monphism
ci B→ death , such that

È
◦ →Alokay,-1 È AIB , -1 →HA,-1
is exact

.

[Exercise : write down the explicituniversal populi] .

• The natural morphin

cokalkonffl) → ka (akaHD
is an èsomorphism, for any fi A →B .

¢ How do you understand this lastpnopnty ? Think : •KatkaHA = Haµ
Kalokairi)= In(f)

In abeliane groups, you have
mdeed a natural isomaphismtkayg-T.IM (f),

and in an abeliane category this holds axiomatically . J



→ Abeliane categoria behave formolly like categoria di modulo .
• You have enjediu maps (f st . Keith=D , suniectie Maps ( f-AD st . Imltl =B) , and a morphin is an
eso iff it is bath injection and my

'

utile
.

• You can define complexes of objects and ahemology of such Complexes,
→ Given you abeliani Category A-, you can define the dg-Category of complexes Cdg by mimickmg what
we've dare with dg-modula

.

↳ With sane more work
,
we can define the denial dg-category Ddg(A) and the denied category DIA)

( clearly, DI# = HTDdglADJ.fimplifymg the stay a little bit, we assume that do(Ddg(AD = obcccdgCAD completo ofobjects
We may also set :

D:µ ={MEDIA) : HHM -0, Karo}
DÈA = {MEDIA) :HHM⇒, K»o} } full Hd subcategoria of 1¥AJ
Di:&Al = MAI a D-CÀ

DÈIÈ is a patriangulateddg- category (E quasi-equivalent to a strongly Metriangulated dg-categoria
→ ÉTÉ is a triangoloted category .

quasi-oheont G-malata
e
coherent -modula

I
↳ Algebraicgometens like denied categoria of the form : D(QcdY ,

D'Kahlil) (X a suitable schema) ,

and Moreau

Parfitt : pefect complexes of G-modulo (e leialla quasi- isemonphic.to bamded completo of laallg
free shores of finite nank) ,

↳ We recall that
, for a giuri triangolato categoryI

,
we Sag thatI has a unique dg-enhancement

if thee is a pretriangulatiddg-categaytst.lt(A)EI
,

and for any cthuprethimgulateddg.catgangpost
. MA EHTBI, we how that to and Bone quasi-equivalent .

Theonm ( Canonao
,
Neeman

,
Stellari 2021) : All denied categoria D

"""
(A) have unique dg-enhancement .

-Puft has a unique dg-enhancement if X is quasi- compact, quasi-separate .

To
my knowledge, then are stile aperte !
↳ Often, categoria like D

"(Gli have '

semionthogenal decempositions
'
:

D'KANI-121,7);

71,7 ≤DNA HD full triangolata subcategoria
. Homer

,
7) =9

-For F c-D'CAP
,
7 distingueished triangle : X2→ F→ Xs ; Keta, Xpc-21 .

We know that DIED has a unique dg-enhancement. Do 7,22 have unique dg-enhancements?



2. Highen algebra of dg-algebras
↳ If A is a ring, it isuseful to study the (abeliani Category Mod(A) of ( right) A-modulo .
↳ Il R is a dg-algebra, it will likely be useful to study its denial category DCRJ
↳ Interesting case : R (as a complet is concentrata in nonpositive degree .
In this case

,
DCR) has an additional structure, called t-Structure.

DCR)≤w
= { M c- DCR) : HHM⇒ K>"} } this pair of subcategoria is the t-structureDCM

≥n
= { MEDCR) : AYN -0, Ken} .

smartt.innations
• Horning ( ✗☒ -0 if ✗c- Dakin , Ye DIN≥un ¢
• For any ✗c-DCR), then is a distinguished triangle : Tu ✗ →ÈÈ+,

✗
,

whee In✗ c- D ≤n ,
E
≥un✗ c- DCR)≥mi.

Important observation : DCR) ÷ DCR) n DCR)≥◦ EMadiHIRD
↳ DCR).

heartofthet-structure

↳ Thanks to the t-Structure
,
we can define INJECTME/PROJECTWE OBJECTS in DM, also calkd

deriva enjectivespnojectives .
Definition : PE DCR) is (denied projectin it :

• PEDCR)≤o
• Hompqyfp,2-[D) =O IZED ≤o

IEEE
Dually
,
I c- DCR) is ( denied injection if
• IEDCR)≥o
•

Hominy-1-1--0, t
2- c- DCR)≥o

=Fatta, (2-7)

lfomeconsequenceime :
' PEDCR) projectin ⇒

HTI : Hompqy (PN)% Hammad,#⇔ (HIM HAD is an isomonphism .

In particolare, HTPIEMCDIHTRD is projectIve .



Dually
,

I c- DCR) injective ⇒
HA i Hompqy (HI) Hanna,#☒ (HTM, ATI) is an isomoiphism
In particular, HTIJ is injective in MoodCHERI

Example :
R (as rightof -module on Itself is projectire in DCR) .
Indeed

, by the Yanda lemma : Hamper, (12,2--11) = HIZEN = 11-42-1=0 if ZED .

↳ We can de PROJECTNE/ INJECTNE RESOLUTIONS of Objects À DCR) ,
Let's have a look at projectiveresolutions :

We resolve objects in D-CI = { MEDA) : HHM) -0 , K$0} .

Upon shifting, assume that MED-(F) lies in DCR)
≤• .

• Considero HTM)c-Mod(HTM) . Finda sanjaction :

HTR)
#◦
→ HTM .

• Lift it uniqudy to a morphin Rt
"È M

.

• Take the -distingueished triangle : C.→TÈ È M .
• Take a sunjection HTR)⑦È→ HTG) and lift it un iqudy to It'

¥
→C

• Consideri the commutati diagram, whee the revisore diStinguished triangle :

co →R
#% M

↑ Il II ← a finst appannation
THE→R#→X,

• Then
,
itenate : C

,
→X
,
-7M

.

Finda nnjection HTR#→ It'%) , lift it to It'
↳
[il →C1

And :

↳→×,→ IN

↑ Il :L
TÈ-4→✗2-7×2

Inductinly
,
we have : TÈ:Xo → X

,
→✗
<→

- -
→Xn → . _

!È
We can check : It'

"

An) → H
"
(H is my

'utile; H
-ich) -4 ÈCM) is an isomonphism fai ieri .

-✗
n
is an ( in-4-fold) itnatid cane

• Che can completely recon M by faking a suitable colimit of ✗o →X,→ _ _ .

.
This dimit is a "more general

version
" of a projectin resolution .

• Indeed
, we can completely recon D-a) (of the t- structure) by its (deriva) projectin objects . (→ '

T- Structures and twisted
Completes on denial injechies !↳ work in progress on defamation of triangolata categoria . -

,
Lowen

, Van den Bagh)


